
Introduction
to .Queueing Theory
and Its Applications

Requests for =r= very often find some or alI of the units associated with
some .urba~ service system busy. The performance of these systems on such
occasions (i.e., under conditions of some "stress") plays a majo I'h' . . , r ro e l Il
s apmg citizens perceptions with regard to the levei of service offered

.That .some ~~ter!oration in the levei of service wilI occur during periods
of intensive actívíty IS clear. For instance, a tire alarm may occur at an instant
w.hen alI tire companies stationed at the nearest tire houses have already been
dlspatched.to another alarrn elsewhere in a city. To the extent, then, that the
response time to the ne~ tire wilI be longer under these circumstances
(beca~se of the need t~ dlsp.atch tire engines from remote tire stations), the
perceived leveI of s~rvlce wJ!l. be lower. Sirnilarly, a police dispatcher will
oft~n postpone service to m~dlUm-priority calls for police assistance during
p~flods when nearly alI po.lJ.ce cars in a district are busy. ln doing so, the
dispatcher prese~ves the ability of the police to respond immediately to top-
PflOflt~ calls .w~~le maintaining some leveI of police "visibility" through the
pa.tro.loImgactivities of nonbusy cars. Under normal conditions ~l ch medi um-
prrorrty calls would have received prompt service.

Busy period service delays must inevitably occur in the case of services
that respond to unpredictable dernands whose time and location of OCCur-
rence are govern.e~ by som~ type of (known or unknown) probabilistic law.
The cost of providing sufficient capacity to avoid aI! delays under alI circum-
sta~ces wo~ld be Insupportabte. The proper role of analysis, therefore, is to
deslgn. service systems that achieve an acceptable balance between system
operatmg costs, on the one hand, and the delays suffered by users of that
systern, on the other. As to where this acceptable balance lies, it ali depends
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on the nature of the service provided. ln some cases-for example, in fire or
ambulance services-the costs of delays are generally perceived to be very
high. To assure a low probability of such delays, it is therefore necessary to
design systerns that are relatively underutilized and whose servers (e.g., fire
engines, ambulances, etc.), experience long periods of idleness. In other
instances /e.g., collection of solid refuse or the delivery of mail), delays of a
few hours or even of days are not usually catastrophic. This, in turn, perrnits
a high leveI of utilization for the servers used by the systern.

Queueing theory, the theory of congestion, is the branch of operations
research which explores the relationships between demand on a service sys-
tem and the delays suffered by the users ofthat system. Since almost ali urban
service systems can be viewed as queueing systerns (as it will become c1ear in
this chapter), queueing theory plays a central role in the analysis of and
planning for urban services. This chapter will therefore deal with a review of
some irnportant results in queueing theory and with an introduction to the
applications of these results to the problerns on which this book focuses.

4.1 QUESTIONS AND ANSWERS
IN QUEUEING THEORV

It is important that those who wish to apply the results of queueing theory
have an appreciation for the kinds of questions that queueing theory can
answer and for the nature of and the assumptions behind these answers.

ln working with queueing theory one must, first of ali, take the particular
real-world system of interest,study this systern, and create (or simply choose
from the Iist of models in queueing theory) a rnathernatical model to represent
it. Through the analysis of this mathernatical model, one then obtains the
answers, which supposedly apply to the original system as well. Inherent to
the procedure of creating a mathernatical model are the notions of simplifica-
tion and approximation: The analyst must necessarily disregard many details
which he or she considers superfluous (or of minor importance) to the central
points of interest. In most cases, approximations must also be made in trans-
forming raw and often incomplete data into mathematical quantities that will
make the analysis of the model possible. Finally, it is not unusual for an
analyst to make many assumptions about certain aspects of the behavior of
the real system-assumptions based rnostly on intuition and expericnce
rather than on any real evidence that the systern indced behaves in this way.
Under the circumstances it would then be fair to state that, in most applica-
tions, the estimates of quantities of interest which can be obtained through a
queueing analysis should only be viewed as approximate indicators of the
size of these quantities in the real world. Consequently, the application of
queueing theory is most useful in pointing out the inadequacies of existing
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operating systems, the directions in which to proceed for improving these
systems, and the approximate values that some of the controllable variables
of the system must assume to achieve a satisfactory levei of performance.

A second major point that should be realized is that queueing theory does
not offer a fuI! menu of answers. The state-of-the-art after nearly three
decades of intensive research can be summarized roughly as follows:

I

1. Few c1osed-form expressions exist for the transient and the non-
~tationary behavior of queueing systems. Almost aI! the existing
important results of queueing theory are obtained for equilibrium
conditions (i.e., with the queueing system operating ·in the "steady
state,' in engineering parlance).

2. Even assuming equilibrium conditions, queueing theory runs into
enormous mathematical difficulties in all but relatively few types of
situations. Quite often, the choice facing an analyst is between, on
the one hand, using a realistic mathematical model for which almost
no results can be obtained and, on the other, using a simplified model
that provides results of questionable validity for the problem at
hand.

Most of the exact results of queueing theory apply to queueing sys-
tems in which the interarrival times or the service times or (ideal!y)
both are negative exponential. Fortunately, there are many real-
world systems for which at least the interarrival times are negative
exponential. The main reason is that many arrival processes
observable in practice can be modeled as Poisson processes (which
in turn implies negative exponential interarrival times). This is
es~ecially true when one refers to urban service systems, where
Poisson (or nearly Poisson) arrival processes are abundant.

Queueing theory is "very good" at estimating the low moments and
central moments of such important quantities as the waiting times
or the "number of users present" in queueing systems but not nearly
as good at computing the probability distributions for these quanti-
ties. lndeed, in all but a handful of cases, the only approach available
for obtaining probability distributions for most of the quantities of
interest in queueing theory is through the use of a combination of
transform analysis and numerical analysis techniques. We shal! see
examples of the numerical analysis approach later in this chapter and
in Chapter 5. .

3.

4.

Items (1)-(4) above, discouraging as they may sound, are only meant to
provide some perspective and not to detract from the value of the results
that queueing theory has generated to date. In fact, some of these results are
very powerful. They apply to quite general queueing systems and provide
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important information about the queueing phenomena that occur, while
requiring only a minimum amount of knowledge about the characteristics of
interarrival times, service times, queue discipline, and so on.

In the following sections, our attention wil! be focused on answering
questions related to estimating such quantities as the fraction of time service
facilities are idle (or busy); the expected values (and occasionally the variance
and sirr.jle moments) of the time spent by queueing system users while wait-
ing to gain access to servers; thcexpected duration ofperiods during which a
serve r is continually busy; and the number of other users that an arriving
user can expect to find in a queueing system. As we have just indicated, these
are precisely the types of questions that queueing theory has been most sue-
cessful with. In the process we shall present, whenever available, other results
which cast additional light on the queueing phenomena that we wish to
explore.

4.2 BACKGROUND, TERMS,
AND SOME CONVENTIONAL NOTATION

In this chapter we shall use the term queueing system to refer to a generic
model (see Figure 4.1) which comprises three elements: a user source, a
queue, and a service facility that contains one or more (including possibly an
infinite number of) identical servers in parallel. Thus, each user of a queueing
system is "generated" by a user source, passes through the queue where (s)he
may remain for a nonnegative period of time (including possibly zero time),
and then is processed by a single server-because of the parallel arrangement
of servers. Once a user has left any one of the servers in the systern, after
obtaining service there, the user is considered to have left the queueing sys-
tem as well.

In view of the description given above, a queueing network can now be
defined as a set of interconnected queueing systems. Thus, in a queueing
network, the user sources for some of the queueing systems in the network
may be other queueing systems in the same network (see also Figure 4.2). It
can ais o be inferred that the analysis of models of queueing systems, as we
have defined them here, provides the building blocks for the analysis of
queueing networks.

To describe a queueing system fully, intor ntauon must be supplied about
ali three generic elements of the system (Figure 4.1):

1. About the user generating process (i.e., the arrival process of users
at the system).

2. About the queue discipline [i.e., the order in which users obtain
access to the service facility, once (and if) they join the queue].

3. About the service processo



186 Introduction to Queueing Theory and Its Applications Ch.4

I
I
I
I
I
I
II:

Queue

I
Server I I

I I I
I

2 I]
3 I

I I ) Ir--- • I
I • I

• I
I I I

m-J II I I
Server m I

I
Service
faciJity

Point of "arrival"
a t the system

FIGURE 4.1 Generic queueing systern.

Departure
from the system

. To describe a queueing n~twork, further information must be provided
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the simplest (and best understood) queueing systems. This code is ofthe form
A/B/m, where A and B are letter symbols and m is an integer constant. The
letters A and B indicate the probability distribution of user interarrival times
and of service times, respectively, and m is the number of identical parallel
servers in the queueing system (thus, m can take values from I to 00).

The stand.zrd code letters used for probability distributions in queueing
theoryare:

M = Poisson (i.e., negative exponential pdf for user interarrival times
or for service times; M stands for "memoryless")

D = deterministic (i.e., interarrival or service times are constant)

E; = kth-order Erlang distribution [see (2.50) and (2.57)]

H; = kth-order hyperexponential distribution (see Problem 4.6)

G = "general" distribution (i.e., any distribution at ali)

The letters A and B can thus be any one of the five symbols above.
To newcomers to queueing theory it always seems strange that, out of ali

possible probability distributions, only four (M, D, Ek' and H k) have been
assigned special symbols. The simple reason is that only these four distribu-
tions offer significant advantages in an abstract analysis, in the sense that
when they are present in a queueing model, parts ofthe mathematical analysis
of that model may become more tractable. Thus, all other distributions are
lumped under the "general" (G) category (which, of course, also includes the
M, D, Ek' and H; cases). These comments will become more c1ear as we make
our way through this chapter.

The coded systems also assume independence of successive user arrival
times and of successive service times at the queueing system. We shall see
several examples of urban service systems where this assurnption is not valid
in practice.

Some more-or-Iess standard abbreviations are also used to indicate the
most commonly encountered queue disciplines. 'FIFO is used to indicate the
first-in, first-out queueing arrangement, also known as FCFS (= first come,
first served). Similarly, UFO I= last in, first out) or LCFS (= last come,
first served) indicate the situation in which the last user to join the queue
becomes the next in line for entering service. The abbreviation SIRO is used
to indicate "service in random order." Although UFO andSIRO may at
times appear offensive to our sense of fairness-especially in connection with
gaining access to public transportation vehic1es during peak traffic hours-
they, and their variations are ali too common in reallife and thus cannot be
ignored.

Another important parameter in the description of a queueing system is
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the system capacity. This indicates the maximum number of users that can at
any time be in the service facility and in the queue. Queue capacity, on the
other hand, indicates the maximum number ofusers that can be in the queue
alone.

Finally, it is important to emphasize that queueing systems need not
adhere to the classical picture of a physically stationary server (a bank teller,
a checkout counter, highway toll booths, etc.) where prospective users queue
up to be served. It is very common to have systems in which the prospective
users remain stationary, possibly at geographically widely separated points,
while the server(s) associated with the queueing system visit them according
to some (implicit or explicit) priority scheme and provi de the requested ser-
vice. We often use the term spatially distributed queues to refer to such geo-
graphieally "spread-out" systems. They are of particular interest in urban
operations research and Chapter 5 will deal with their specific characteristics.
For some of these systems (e.g., fire departments or ambulance services),
queues in the sense of a backlog of calls for service, rarely, if ever, occur. Yet
queueing theory is most valuable in planning for such systems-in determin-
ing, for instance, the number of vehicles needed, the expected workload of
service units, or the best deployment of the service units in a city.

4.3 DEFINING THE QUANTITIES OF INTEREST

In this section we define the quantities and introduce the notation that will
be used in the rest ofthe chapter. We do this by focusing on a specifie queue-
ing system and beginning to count at some instant I = O the number ofusers
who arrive at the system.

Let us concentrate on the ith user to arrive at that system after we begin
our counting processo Three important "events" can be identified with respeet
to this rth user: the arrival of the user at the queueing system, the beginning
of service to the user, and the completion of service to the user. We shall
denote the instants when these three events oceur as (.(i) , (b(i), and t.(i),
respectively (with a standing for "arrival," b for "beginning" of service, and
c for "completion" of service).

We can now define the following quantities:

xci) r:. t.(i) - (.U - I) = ith interarrival time

s(i) r:. tli) - tb(i) = service time for the ith (in terms of order
of arrival to the system) use r

wii) r:. Ib(i) - t.(i)

w(i) r:. I e(i) - t.(i)

= waiting time in the queue for the ith user

= total time spent in the queueing system by
the ith user ("system occupaney time")
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Obviously, from the foregoing definitions we also have

w(i) = wq(i) + sei) (4.1)

In general the interarrival and service times are random variables, Xci)
and S(i), with pdf's fxw(x) and fsw(s), respectívely.' w.e shall assume .from
now on that, 'unless otherw.ise st.ated, th~ i~terarnv.al-tlme rand:n van:bl:
Xci) are independent and identicall,' dlstnbuted [i.e ..' fx~u(x) .!X(2)(. )
... = fxCx)]. Similar1y, we .sha.ll assume. that the ser~lce tlmes:(l) .a: r:
pendent and identica1Jy distributed with fscu(s) - 1mb) . . in th.
The expected values of random variables X and S appear so frequently I~ ~ e
analysis of queueing systems that special symbols have been adopte or

them:
(4.2)+ l> E[X]

1- s: E[S]
J.l-

In words À. represents the expected number (or the "rate") of user arrivbals
, . f ti S' ilarly 11 is the expected num erat the queueing system per unit o time. irm , r: . . I

of service completions per unit of time when a serve r IS~orklng co~tmuous y.
Note that when a1J m parallel and identical servers 10, a q~eue1l1g system
are working simultaneously, the rate of service cornpletions IS eq~al to. mu.

Now if the queueing system is allowed to operate for a.l.on~ time:, It c~n

be expeeted under certain conditions, to reach an equilibrium ( sbtela tY
, di . it is reasona e ostate"). Without specifying what these con ítions ar~,. I I, W (i) for

assume that the system occupancy times, w(i), and waitmg times, . qbl' W
large values of i, will tend to become samples of two ra.ndom vdana efs

th. df' r () d r (w) are indepen ent o eand W respectively. whose p . s J IV W an J IV, q h t d
q' r r ( ) nd r (w) as t e s ea y-der i of a user's arrival. We shall reler to J IV W a J IV, q .

~;ate ~:obability density functions for the system occupancy tlme~ ~nd the
waiting times of users, respectively. We shall then define the quantities

W ~ E[W] = lim E[W(i)] = expected system occupancy tin:e. for
- I-~ a user under steady-state condltlons

W Ê.. E[Wq] = lim E[Wq(i)] = expected waiting time in que~~ for a
q - I-~ user under steady-state condltlons

(4.3)

Rather than foeus on user-related events at the queueing system [such as
the (.(i), (b(i), (e(i), etc.], we also could have looked at the system at random

. r ... ' de here in a general sense.
lThe use of the term "probabilidtYsd(~n)Sl,t~ ~n~t1~n IS:::~ be discrete continuous,or
The random vanables X(I) ao I , I - , , ,'" ,

mixed.
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points in time and defined the quantities

N(t) "- total number of users (inc1uding those in service) who
are in the queueing system at time t

Nq(t) "- number of users waiting in the queue at time t

For large values of t and under the (yet unspecified) proper conditions, we
can expect the distributions of variables N(t) and Nit) to approach equilib-
rium (steady-state) pmf's PN(n) and PN,(n).

We shall then use the syrnbols-

L "-E[N] = lim E[N(t)] = expected total number of users in the
1_00 .

queuemg system under steady-state
conditions

Lq "- E[Nq] = lim E[Nq(t)] = expected nurnber of users in the queue
I-~ under steady-state conditions

We shalI also define here the quantity

. p "- "utilization ratio" = rate.of user arrivals a~ a queueing system
total available rate of service by the service facility

From the definition of the utilization ratio (the reason for its name will
become obvious later), it is cIear that, for a single-server queueing system,

Àp = - = ;'·E[S]
P

(4.4)

whereas for a m-server queueing system,

p = ~ = ÀE[S]
mp m (4.5)

4.4 SOME IMPORTANT RElATIONSHIPS
IN QUEUEING THEORY

We mentioned in Section 4.1 that queueing theory has been highly successful
in deriving expressions for the low moments of quantities such as the waiting
times of the users of a queueing system or the number of users present in the
system at a given time. We shall now begin our discussion with the derivation
of a few important relationships involving the expected values of these

I 2The notation L, L; W, and wq to denote expected values is unusual for this book.

I
We employ it to be consistent with notation that has become rnore-or-less standard
in queueing theory.
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quantities, L, Lq, W, and Wq, for a very general queueing system. J. D. C.
Little [LITT 61] is general1y credited with being the first to prove these rela-
tionships formally. Subsequent authors have shown that Little's results are
valid for queueing systems more general than he assumed in his original
work [STID 74]. Here we shall use an informal and intuitive argument
paraJleling the one offered by Kleinrock [KLEI 75].

The search for the relationships is motivated by the intuition-satisfying
notion that the average length of the queue in front of a facility offers a good
indication ofthe average waiting time for use ofthat facility (and vice versa).
These relationships turn out to be especially simple.

First, we shall position ourselves at the "entrance" of a queueing system
and count the number of users that arrive there during an interval of arbitrary
length, -r, beginning at the time t = ° when the system is ernpty (see aIs o
Figure 4.3). We let

Number
of

users

FIGURE 4.3 Arrivals and service completions at a queueing system.

a(-r) "- number of arrivals at the queueing system in [O,-r]

Next, we count the number ofusers leaving the system at its "exit" and let

c(-r) "- number of service completions observed in [O,-r]

If the system is empty at t = 0, the number of users in the system at the
time t = -r is given by

N(-r) = a(-r) - c(-r) (4.6)

We can now use (4.6) to express the total amount of time, I(-r), spent by
alI users in the queueing systern during the interval [O,-r]. We have

I(-r) = S: N(t) dt = f: [a(t) - c(t)] dt (4.7)
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Clearly, ler) represents the area between the functions a( r) and c(r), as illus-
trated in Figure 4.3.

The average number ofusers N(r) in the queueing system during the inter-
vaI [O, r] can now be obtained by dividing the total amount of time spent by
all users in the queueing system, ler), by the time r:

N(r) = ler) = ler) a(r)
r a(r) r (4.8)

We have written (4.8) in this form because both ratios on its right-hand side
have very real physical meaning. The ratio a(r)/r is simply the average
number of arrivals per unit oftime (the ar rival rate) during the interval r and
can be indicated, given our earlier notation, as i..Similarly, I(r)/a(r) is the
average time spent by a user in the queueing system during the interval [O, r]
and can be indicated, given our earlier notation, as Wr- We can then write

(4.9)

If we now let the length of the interval, r, tend to infinity, it is clear from
our earlier definitions of L, À, and Wthat these quantities represent the limits
of N(r), i., and W~, respectively. So if the limits of the last two quantities
(i. and W.) actually exist, the limit of N(r) also exists and from (4.9) we have
the relationship

(4.10)

This is one ofthe best-known results of queueing theory and is referred to
as Little's formula. Later in this chapter we shall explore the conditions under
which the limits of W. and of N(r) exist for many types of queueing systems.

A few important remarks are in order:

1. In deriving (4.10), we stationed ourselves at the "entrance" and
"exits" ofthe queueing system. We could have performed exactly the
same analysis if we had counted entries to the queueing system (as
before) but exits from the queue (o r, in other words, entries to the
service facility). In that case we would have derived the result

(4.11 )

where Lq and Wq are the average number and average stay in the
queue, as defined earlier.

In a similar way, but by focusing now on the service facility itself
(i.e., by counting entries and exits from lhe service facility), we could
show that

- À
L, = ÀE[S] = fi (4.12)

i

I
!,
i
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2.

where L, is the (steady-state) average number of users in the service
facility . [Note that this result is independent of the n umber of servers,
m. What matters on the right-hand side of (4.12) is the average
amount of time a user spends in the facility, E[S].]

In our discussion so far, we have neve r specified a queueing discipline.
Thu;, (4.10) and (4.11) hold )irrespective of the method used to deter-
mine the order of entry to the service facility.? They also hold for
the case where users belong to a number of distinct classes to which
different levels of priority are assigned. Within each of the classes,
(4.10) and (4.11) are valido

The only condition that was placed on the arrival process at the
queueing system is that the quantity lim.i.; a(r)/r, the long-terrn
arrival rate, be finite. To appreciate the significance ofthis, consider a
case in which the arrival rate, rather than being a constant, is a func-
tion of some parameter-say, of the total number of users present in
the queueing system or of time. Then, we can still use (4.10) and
(4.11), with a value of À equal to lhe long-term average ofthe rale at
which users enter the system. Similarly, for queueing systems with
finite queue capacity, for which there is the possibility that some
potential users will be turned away, we use (4.10) and (4.11) with À
equal to the average rate at which users actually join the queueing
system. We shall see several examples of this type in subsequent sec-
tions.

3.

A last relationship of importance which is always valid due to (4.1) is

- 1 -W = E[S] + Wq = - + WqJ1.
(4.13)

Note that (4.10), (4.11), and (4.13) make it possible, with givenI and J1., to
compute ali four of the quantities L, Lq, W, and Wq if any one of them can
be determined.

Finally, it is worth remembering the following convenient argument (not
"proof'") that leads to (4.10) and (4.11). In the steady state, the aver.age
number of users that a random user finds in a FCFS "system" upon arrival
should be equal to the number of users he or she leaves behind upon depar-
turc, with both of these numbers equal to L (or Lq, depending on what the
"systern" is), 13 it the average number of users left behind is simply th.=
arrival rate Â times the average time a randorn user stays in the "system," W
(or W.).

3See also Section 4.9.
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We turn now to the examination of a queueing model which we shall call the
fundamental birth-and-death modelo This model includes features that are
quite general. and as a result, a rather extensive class of well-known and
often-applied queueing systems can be viewed' as simply special cases of the
fundamental birth-and-death mode!.

The model assumes a queueing system with m (m = 1.2.3 •... ) parallel
identical servers and infinite system capacity, operating in the following
fashion:

1. Whenever there are n users in the system (in queue plus in service)
<,

new users arrive at the system in a Poisson manner with a mean
arrival rate of À. expected arrivals per unit time.

2. Whenever there are n users in the systern, service completions occur
in a Poisson manner with a mean service rate of f1..per unit time.

3. The queueing system operates under a FCFS queue discipline.

It should be noted that u; here is defined as the combined rate of service
of those servers which are busy when there are n users in the queueing sys-
tem for any value of n. Note also that the rate of arrivals and the rate of
service are permitted to depend on the number of users already in the system,
a situation that is hardly unusual in actual life. We have already investigated
two cases in Chapter 3 (see Sections 3.9.1 and 3.9.2) in which the arrival
rate depended on the number of those alreadyvin the system."

We can now go back to the review of the Poisson process (Section 2.12)
and recognize that, if the number of users in the queueing system at a time t
is given by N(t). we can write the following conditional probabilities for our
fundamental model:

P[N(t + M) = n + 11 N(t) = n] = À. M + o(M)

P[N(t + At) = n - IIN(t) = n] = u; M + o(M)

P[N(t + M) = n I N(t) = n] = l-À.. M - u; At - o(At)

P[N(t + M) = kIN(t) = n] = o(M) for Ik - nl > 1

(4.14)

(4.15)

(4.16)

(4.17)

where o(At). in the terminology of Chapter 2. is a "collection of terms that go
to zero faster than k·M as M goes to zero (for any constant k)." For a small
M. we can therefore ignore the o(M) terms and state that "if the queueing
system contains n users at time t, then at time t + M. it will contain either
n + 1 users with probability À.. M or n - 1 users with probability f1.11 M. or n
users with probability 1 - (À.. + f1..)M." This statement is illustrated sche·
matically in Figure 4.4.
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n users

TI + 1 users

TI users

TI + I users

Time: t Time: t + Ât

FIG U RE 4.4 Probabilities of transitions for birth-
and-death model in time Il.t.

We can now proceed, as foIlows. Given (4.14)-(4.17). assuming a smaIl
Ar and using the notation p.(t) r:.. P[N(t) = n), we can write

p.(t + M) = P'+l (t)f1..+1 At + P.(t)[1 - (À. + f1..)At]

+ p.-1 (t)À..-1 Ar (4.18)

Rearranging terms and dividing by M. we have

Letting Ar -> 0, in (4.19) we obtain the differential equation

dIJ?) = -(À.. + f1..)p.(t) + f1..+1P.+l(t) + À..-1P.-1(t)

n=I,2.3 •... (4.20)

This equation makes sense intuitively: it states that the rate of change of
the probability of having exactly n users in the queueing system. is equal t?
the probability of exactly n + 1 or n - 1 users in the system at time t mu~tt-
plied, respectively, by the rate at which users leave or enter th~ .system (with
n + 1 and n - 1 users present, respectively) minus the probability that there
are n users present at time t multiplied by the rate at which the ~u~be.r .of
users present can either increase (À..) or decrease (f1..). ~ote the slmtl.antles
between the interpretation of (4.20) and the interpretation of (2.55) m our
discussion of the Poisson process in Chapter 2.

While (4.20) holds for n = 1,2. 3•... , we also require an equation for
n = O. By foIlowing a similar derivation or a similar logical argument as
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above, we can write

(4.21)

Equations (4.20) and (4.21) together define a set of differential equations,
one for each possible value of n, for the queueing system analyzed here.
Since, by assumption, the system capacity is infinite, so is the number of
first-order differential equations.

A pictorial summary of the system of (4.20) and (4.21) is provided by
Figure 4.5. The status ofthe queueing system is described by the state variable
n (i.e., the total number of users in it). Thus, we shall say that the queueing
system "is in state n" whenever there are n users in the system. Each state is
represented by a circle in Figure 4.5 and the circ1es, in turn, are connected by
directed links with the associated transition rate indicated on each Iink.
Figure 4.5 is thus a typical state transition diagram for a queueing system. lt
is also c1ear frorn the diagram why our fundamental model is referred to as a
birth-and-death model: in population applications of the model, the state n
represents the "current population" and transitions out of state n can occur
only to states n -I- 1 (a birth) and n - I (a death) at the rates À." and J.1.n'
respectively. Note also that, in this light the variants of the Poisson process
described in Sections 3.9.1 and 3.9.2 (see Figures 3.35 and 3.36) can be con-
sidered "pure birth" processes.

Continuing with our analysis we can now examine the queueing system
when it is in equilibrium (steady state). Under proper conditions, such an
equilibrium will be reached after the system has been operating for some
time. Equilibrium, in turn, implies that the state probabilities Pn(t) eventually
become independent of t and approach a set of constant values Pn, n = O, 1,
2, ... , where"

P; c" lim Pn(t) = steady-state probability that there are n users
I -~ in the queueing system

Since dPn(t)/dt = O under these circumstances, in the steady state, (4.20)
and (4.21) are then transformed to

À.oPo = J.1.,P,

(À.n -I- J.1.n)Pn = À.n-1Pn-' -I- J.1.n+IPn+ I

(4.22)

for n = 1,2,3, . .. (4.23)

The linear equations (4.24) and (4.25) are known as the equilibrium equa-
tions or the balance equations for our queueing system. Balance equations [as

41n Section 4.3 we used the more explicit notation PN(II) for the steady-state probabil-
ity P[N = 11]. Frorn now on, for reasons of conciseness, we shall denote PN(Il) by Pn.
(Remember that N is the random variable indicating the total number of users in a
queueing system under steady-state conditions.)
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well as transition-rate differential equations such as (4.20) and (4.21)] can be
written by inspection directly from the state-transition diagram of queueing
systems. For the balance equation (4.23), for instance, the argument goes
like this. For any time t when the system is in equilibrium, the probability of
observing a transition out of state n in the next M must be equal to the
probability of observing a transition into state n. The former quantity is
given by P; (= the probability that at time t the system is in state n) times
(À.n + f.ln) M. SimilarJy, the probability of observing a transition into state
n in the next I1t is given by Pn-I À.n-I M + Pn+ I f.ln+ I M.

Exercise 4.1 For birth-and-death queueing systems, another set of balance
equations, even easier to solve than (4.22) and (4.23), can be obtained by
(figuratively speaking) stationing ourselves at points such as those indicated by
the dashed !ines in Figure 4.5 and writing

À.oPo = f.lIPI

À.IPI = f.l2P2

and, in general,

forn =0,1,2,3, ... (4.24)

a. Argue the validity of (4.24).

b. Derive (4.24) using (4.22) and (4.23).

4.5.1 Solving the Balance Equations

We can now proceed to solve the balance equations expressing ali steady-
state probabilities Pn, n = O, 1,2, ... in terms of one of them and then
taking advantage of the fact that

2: r, = 1
n.::::;:O

(4.25)

It is common practice in queueing theory to express PI, P2, P3, ••• in terms
of Po, the steady-state probability of an empty system. Working with (4.22)
and (4.23) or, equivalently (and preferably) with (4.24), we have

(4.26)

(4.27)

and, in general,

P; = À.n-I ·À.n-2•• •• ·À.1 ·,.to Po
f1n' f1n- I •..•• f.l2 • f.ll

(4.28)
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or, defining the coefficient of Po in (4.28) as the quantity Kn> we have

for n = 1, 2, 3, ...

Going now back to (4.25),

(4.29)

or

1Po = _
1 + 2: x,

n=1

(4.30)

It follows that the system can reach steady state only if 2::=1 K; < 00.

For, otherwise, Po = P1 = P2 = ... = ° (i.e., the number of users in the
system never "stabilizes").

Assuming that the system does reach steady state, the probabilities
Pn, n = 0, 1,2, ... , are now given by the fundamental expressions (4.30)
and (4.28), and other quantities of interest can be computed from these
probabilities. For instance,

(4.31)

and Lq, W, and Wq can then be obtained from (4.10), (4.11), and (4.13).

Exercise 4.2 Argue that the value of À. that should be used with Little's
equations, (4.JO) and (4.11) is in this case,

(4.32)

4.6 CENTER FOR EMERGENCY CALLS:
QUEUEING SYSTEMS OF THE
BIRTH-AND-DEATH TYPE

Equipped with the results that we have derived for our fundamental birth-
and-death model, we shall now review a prob!em whose many variations will
help illustrate severa! of the best-known and most wide!y used models of
queueing systems.

Many cities have by now instituted the use of the telephone number 911
for alI types of emergency calls. At the "other end" of the 911 number there
is usually a center for emergency calls employing a numbc: .rf trained opera-
tors. The sophistication of equipment and operationa! setup in these centers
varies widely frorn city to city. Some cities (e.g., New York City) employ
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quite elaborate schemes for screening calls and determining their priorities,
schemes backed up by special-purpose computers and communications
equipment. Other centers consist of little more than a switchboard and a
number of telephone operators who either process telephone calls themselves
(in cooperation with a number of dispatchers) or transfer calls to the most
appropriate city department (e.g., fire department, emergency medical ser-
vices department, etc.). It is interesting to compare, at least in an approxi-
mate way, the characteristics of these centers as a function of different levels
of manpower and under various organizational schemes. Queueing theory
offers us a good opportunity to do so.

Throughout the following discussion it will be assumed that the arrival of
calls at a cenrer constitutes a Poisson process (whose mean rate may vary).
This assumption is reasonable, with the possible exception of the occurrence
of major incidents which can be expected to trigger bursts of telephone
calls-all reporting the same event and its repercussions.

4.6.1 Case 1 : One Operator, Infinite Number
of Unes

Consider first a case in which a single operator answers ali calls and in
which the number of telephone lines leading into the switchboard is large
enough so that the system neve r runs out of !ines. If the operator is busy
when a call arrives, the caller hears a taped message to "please wait" and his
or her call joins the queue of 0, I, 2, ... more callers already waiting for the
single operator. We assume that:

1. No caller ever gets suffi.ciently discouraged from waiting to hang up.

2. An electronic device sequences calls so that they are answered in a
FCFS order.

3. The pdf for call interarrival times is negative exponential with mean
l/À and the pdf for service times (duration of telephone conversa-
tions) is negative exponential with mean 1/u.

What has been described is a queueing system of the M/M/I type with
FCFS service and an infinite system capacity. The latter is due to the large
number of lines, which theoretically are sufficient so that there is always an
open line to the switchboard. A state-transition diagram for this system is
shown in Figure 4.6.

À

0:-.
!l

FIGURE 4.6
capacity.

À À À À

~ : ~ t. :(i):: t. ~ __

!l !l !l !l

State-transition diagram for a M/M/1 queueing system with infinite system
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In terms of our fundamental model, we then have

for n = 0, 1, 2, .

for n = 1, 2, 3, .

and substitu+ng into (4.28) and (4.30)-and recognizing the presence of a
geometric series for p (= À/ f./-)-we 4.nd that

Po = 1 - p
P; = pn(I - p)

(4.33)

(4.34)for n = 1, 2, 3, ...

with the condition for steady state being that the geometric series converges,
that is, that

p=~< 1f./-

The condition (4.35) makes sense intuitively. If p > 1 (i.e., if À > ~),the
average rate of arrivals at the queueing system exceeds the rate at which the
server-operator can service calls. Thus, the longer the system operates,
the longer the queue tends to beco me and no steady state is ever reached.

It is much less obvious why steady state is not reached for p = 1. A po.s-
sible way for explaining this is to argue that the longer the queue grows.1I1
this case, the more unlikely it is that it will ever appreciably decrease agam,
since the service rate just matches the arrival rate.

Numerous other quantities can now be computed for the M/ M/I system.
For instance (the algebra here is quite interesting),

(4.35)

~
~ ~ ~ 1L = 2: nP = 2: n(1 - p)pn = (I - p)p L..J np":

,,=>O 11 """o ,,-1

d ( ~ ) d ( I ) (1 - p)p= (1 - p)p- 2: p" = (1 - p)p- --=- = (I _ )2dp n=O dp 1 P P

or
- p À
L=I_p=~

(4.36)

Similarly,
ce _ p2 À2

Lq = 2: (n - I)PII= L - (1- Po) = ! _ P = f./-Ctl _ I)
r.=1

(4.37)

Also,
1 2 3 ~n-I-Iw= -Po + -P1 + -P2 + .. , = 2: -II-Pn
f./- f./- f./- 11"0 r'

1 I
= f./-(l - p) = f./- - À

)

(4.38)
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and

(4.39)

[Of course, (4.37)-(4.39) could have been obtained from (4.36) by just using
(4.10), (4.11), and (4.13).]

In addition to the expected total system time, W, it is actua\ly possible to
derive, for a M J M J 1 queue, the pdf for the system occupancy time, W,
under steady-state conditions. To do this, let Ali be the event that a random
call arrives to find n other calls already at the switchboard and thus becomes
the (n + I)th call in the system. (Clearly, P(A,,} = P".) The total time that
caller spends in the system (in queue and in service) is the sum of n + 1
independent and negative exponentially distributed> random variables each
with mean lJf..l. Thus, W, for any given n, has the pdf of an Erlang random
variable of order n + 1. So, we have

f..l"+IW" - wfWIA.(W I A,,) = --I -e I'n. for n = O, 1,2, ...

or

for w > O (4.40)

Thus, somewhat surprisingly, the system occupancy time is exponentia\ly
distributed. Its expected value, W, is equal to [f..l(\ - p)]-I, which, of course,
is the result we have already obtained in (4.38).

In a quite similar way, one can derive the pdf for the time spent waiting
in the queue, Wq• This pdf is a mixed one, having an impulse at Wq = O.
The reason is that with probability Po = 1 - p, the waiting time will be
equal to O. It is thus more convenient to write the cumulative distribution
for Wq:

for t = O

for t > O
(4.41 )

lThe remaining service time 01' the caller who occupies the operator at the time' of
arrival 01' the cal ler of interest is also distributed as a negative exponential random
variable because of lhe "no-rnemory" property of the negative exponential pdf.

6Remember that L;~ox=in: = e=.
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Exercise 4.3 Show that the variance of the total number of callcrs in the
system is

(4.42)

Thus. as p -> 1, not only does the expected number of callers, L, in the
qucueing system grow in proporti0I;t to (1 - p)-I but also the variance grows
as (1 - pv:» (i.e., even faster).

Exercise 4.4 Finally, our last result refers to the average duration of a busy
period for the M/M/I system. A busy period is definetl to begin with the
arrival of a call while the system switchboard is completely empty and to end
when the switchboard next becomes free once again. Argue that in steady
state,

E[B] ~ E[length of a busy period] = ~ (4.43)f..l-A

4.6.2 Case 2: m Oparators, Infinita Number
of linas

Suppose now that, while keeping everything else in the emergency call
center exactJy the same as before, the number of telephone operators is
increased to m (> 1). The service time pdf's associated with each operator are
identical and negative exponential with parameter u, When ali operators are
busy, the next call in line is assigned to the first operator to become free,
while when two or more operators are free, the next incorning call is assigned
to an operator in some arbitrary way.

The state-transition diagram for this case is shown in Figure 4.7. In terms
of the queueing system code, this is a M/M/m system with infinite queue
capacity and FCFS service. With respect to our fundamental rnodel,

n = O, 1,2, .

n = 1,2,3, ,m - 1

n = m, m + 1, m + 2, ...

Then, from (4.28),

{

()'/f..l)"P
n! o

P =
" O/f..l)" P

mn-m.m! o

for n = 0, I, ... , m - 1
(4.44)

for n = m, m + 1, m + 2, ...
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and, substituting in (4.25),

1 = f. P = [mi:,l ()../p)" + f. (À/p)" Jp
n=on n=O n! n=mm"m.rn! O

[
m-I 0./ p)" 0./ p)m cc (À. )"J= I: -- + -- I: - Po
"=0 n! m! "=0 mp

(4.45)

Using the geometric series expr .ssion for the Iast sum in lhe brackets
(assuming that À/mp < I), we finalIy have from (4.45)

P _ [m-I (..1./p)" 0/p)m 1 J-I
o-"~ n! + m! I-(À./mp)

(4.46)

with the condition for steady state being

~<l
mp

(4.47)

Expressions for other quantities of interest can now be derived using the
steady-state probabilities, p".

Limiting case: Infinite number 01 servers, The limiting extension of case 2 is
when the number of servers m is (countably) infinite. 1n such a situation no
user of the queueing system wilI ever have to wait in line. Since in this case
we have

p" = nt:

for n = 0, 1,2, .

for n = 1,2, 3, .

(4.48a)

(4.48b)

it folIows from (4.28) that

P = (À./p)"p
" n! o

forn=I,2,3, ... (4.49)

and, using (4.25),

With (4.49) we thus conclude that

0/ p)"e-!../I'
P .. ------

" 11!
for n = 0, 1,2, ... (4.50)

This is a remarkable result, stating that the steady-state probability dis-
tribution for the number of users present (and, consequently, for the nurnber
of busy servers as well) in a Ml M'[o« system is Poisson with parameter À./ u.
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It follows, of course, that i = E[N] = )../u, W = 1/u, and that Wq = iq =
O. Note also that steady state is inevitably reached in this case, since there
are always sufficiently many servers to assure that the service rate will even-
tually exceed the rate of arrivals [see (4.48)].

A\though one may argue that there are not many systems around with an
infinite number of servers, the model of this section is still very useful in
numerous applications in which there is only a very low probability that all
the servers in a system with many parallel, identical servers will be busy
simultaneously, The Poisson distribution result for the steady-state prob-
abilities [(4.50)] that we derived can then be used to obtain good approxima-
tions of occupancy-related statistics for the system in questiono We shall
return to this type of approximation in our subsequent discussion of the
M/G/oo queueing system (Section 4.8).

4.6.3 Case 3: One Operator, Finite Number
of Unes

Let us now continue with our emergency call center example and con-
sider a situation identical to that of case 1 with one exception. Rather than an
infinite number, there is now only a finite number of lines, K, into the switch-
board. Furthermore, the analysis will be performed under the assumption
that a caller who calls a 911-type number and gets a busy signal becomes
discouraged and does not try again. We shall discuss the imp!ications of this
assumption at the end of this section.

The state-transition diagram for case 3 is shown in Figure 4.8. This is a
M/M/I system with finite system capacity equal to K. With respect to our
fundamental birth-and-death model,

FIGURE 4.8 State-transition diagram for a M/M/l queueing system with system

capacity equal to K.

It follows from (4.28) that

f(~)npo=pnpo
Pn=)\/l

lO
for n = O, I,2, ... , K

(4.52)
otherwise
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and therefore,

K I pK+I
I= L: P" = Po(\ -I- p -I- p2 -I- .. , -I- pK) = P - (4.53)

n~O o 1 - P

As a result of (4.52) and (4.53), we finally obtain for case 3:

{

P'(l - p)
P; = 1 - pK+I

O

for n = O, I,2, ... , K
(4.54)

otherwise

Note that for p < 1, (4.54) reduces to (4.34), as it should, as K -. 00. Know-
ing the steady-state probabilities, we can now obtain expressions for i, W,
iq, and Wq, one of which is listed in Table 4-1. Aside, however, from the
specifie form of the results obtained, there are two points whieh are worth

TABLE 4-1 Summary 01 steady-state results

for some simple queueing systems

1. M/M/I (systern capacity infinite)
See section 4.6.1

2. M/M/m (systern capacity infinite)
See section 4.6.2. In addition:

L - PoO./JJ)mO./IIIJJ)
q - m! (1 - À/mJJ)2

3. M/M/I (system capacity K)
See section 4.6.3. In addition:

L =_p __ p(1 + KpK)
q I - p I - pK+I

M/M/m (system capacity K)

_ [ m (J../JJ)n (À/JJ)m K (À ).-mJ-IPo - ~ -- + -- ~ -
»<ü li! III! n=m+ 1 IIIJJ

j
(J..j JJ)nr, for 11 = 0, 1, 2, ... , m

/l!
P; =

(J..jll)n Po f + I + 2 K
III! IIIn-", or 11 = 111 • 11I • ' ..•

L - po(J../JJ)m(J../II1JJ)[1 _ (~)K-m _ (K - 111) (2)K-m (I - ~)J
q - m! (1 - À/II1JJ)2 mJJ IrIJJ IIlJJ

(for 2 < I)
IIIJJ

remembering about the M/ M/ I system with finite syste:n eapaeity. Moreover,
thesc points are valic\ for finite capaeity systerns in general:

1. Steady-state eonditions will be reaehed in any event, irrespective of
the value of p. Beeause the number of states in the system is flnite,.
there is an upper limit on how long the queue can get. Even when
the arrival rate is much larger than the service rate (p» 1), steady
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2.

state will be reached: the queue wil! simply be fulI most of the time.
ln such an event a large fraction of the potential facility users will be
turned away. That fraction is equal to PK, the probability that the
queue is saturated. Note also that for p = I, P" = lf(K + 1) for ali
values of n (i.e., alI states are equaI!y likely).

The fundamental relationships L = Â. W and L, = Â. Wq stiI! hold but,
as suggested by (4.32), in revised formo Since a fraction PK of poten-
tial users of the facility are turned away, the actual arrival rate at the
queue is equal to Â.' A Â.(l - PK)' Thus, the relationshi ps (4.10) and
(4.11) are now revised to the form

(4.55)

and

(4.56)

where Â.' is as defined above. The third fundamental relationship,
W = Wq + 1/!l, still holds.

ln practice it is rather unlikely that an emergency caller who gets a busy
signal will refrain from calling the emergency center again. (However, this
may be true for nonemergency calIers, and it would definitely be true for
queueing systems that offer routine types of services that can be obtained
with ease at other queueing systems, as well.) If some callers persist in calling
the emergency number, the resulting situation is an intermediate one be-
tween case 3 and case 1. lu fact, in the extreme case when no caller ever
becomes discouraged and they ali keep trying continualIy to get a free line,
an infinite capacity system will again result. However, during periods of con-
gestion, we now have two queues: a "visible" one consisting of the K callers
who have already obtained access to the switchboard, and an "invisible" one
consisting of aI! those trying to obtain such access. ln addition, while the
former queue is operating on a FCFS basis (because of the existence of the
call-ordering "electronic device"), access to the switchboard from the invisible
queue is of the SIRO type.

Finally, it should be cIear that for system design purposes, the prob-
ability PK of a fuI! system is often the most important design parameter. For,
when PK is negligibly smalI, a finite-capacity system operates, for alI practical
purposes, like a system with infinite capacity.

4.6.4 Case 4: m Operators, Finite Number.
of Unes

Case 4 involves a finite number, m, of operators and a finite number, K,
of lines. ln many ways, this is probably the most general and appropriate
mo dei for a simple emergency call center. The "design parameters" then
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involve the determination of the right number of operators and \ines so that a
combination of objectives will be achieved. These objectives might be in the
form of specifications, for instance, of an upper limit on (1) the probability
that a caller receives a busy signal, PK; and (2) some other level-of-service
indicator, such as the expected system occupancy time, W, for a random
accepted caIler. An interesting analysis of this type has been reported for the
911 emergency call center in New York City [LARS 12a] (see also Chapter 8).

A state-transition diagram for a M/M/m system with a finite system
capacity is shown in Figure 4.9, and expressions for some quantities related
to this case are listed in Table 4-1. The algebra involved gets quite tedious for
the general case, but numerical applications are straightforward and can be
performed easily with a hand calculator. . .. .

It should finalIy be emphasized that, unless otherwise stated, the implicit
assumption in finite-system-capacity queueing models is that prospective
users who find a fulI system (with probability PK) are permanently lost to the
system.

Special case: K = m (Erlang's loss formula). A special instance of the case
4 system is when the capacity of the system, K, is equal to the number of
servers, m. Such would be the case if there were one telephone line for each
operator. Obviously, in such a system, there is no waiting space at ali and
users who, on arrival, find ali servers busy are simply turned away. Histor-
icaIly, this was one of the first queueing systems ever to be investigated in
depth. This was done by A. K. Erlang of Denmark (generally considered to be
the "father" of queueing theory) during the first decade of this century.

The interesting quantities for this case can be obtained by setting K = m
in the expressions obtained for case 4 above (see Table 4-1). However, it is
just as easy to work directly with the balance equations and obtain

P n = --=!=Â./.!...:..!lL.:.)n/_n_l
:E (Â./!lY/il
laO

n=O,I,2, ... ,m (4.57)

In particular, the probability of a full system, Pm (i.e., the probability that an
arriving user wilI find a full system and be turned away) is widely known as
Erlang's loss formula and has been extensively tabulated for different values
of the ratio Â./!l (which is not restricted as to magnitude) and of the number
of servers m. Erlang's loss formula has also been used widely in applications
of queueing theory to urban service systems (see a1so Section 4.8).

It should be clear that the Mí Mls» queueing system can also be viewed as
a special case of M/ Mim with no waiting space. In fact, by letting m go to
infinity in (4.57) we obtain expression (4.50) for the steady-state probabilities
of the Ml Mlc« queueing system.
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We shall also anticipate here an interesting result that will be prcsentcd
later in this chapter. It turns out that (4.57) holds for any scrvicc-timc dis-
tribution, that is, for M/G/m queueing systems with no waiting space!

4.6.5 Extensions and Variations

Further cxtensions and variations of the many cases discussed in this
section can be developed by perrnit.ing the ar rival rates and/or the service
rates to take the form

n = 0, 1,2, .
n=I,2,3, .

(4.58a)

(4.58b)

where À. and J.l are constants and c; and d, are coeíficients that depend on the
state of the queueing system. (Usually, eo = 1 and di = 1, so that À. reflects
the rate of demand ar rivaIs when the queueing system is empty and J.l the
rate of service when there is only one user in the queueing system.)

Through (4.58a), one can take into account often-observed phenomena
such as reneging and balking. Balking refers to cases in which a prospective
user of the queueing system decides, upon arrival at the system and observa-
tion of its state, not to wait for its use but (perhaps) to go elsewhere. Reneging
is the phenomenon in which users who have already joined the queue become
discouraged after a while and leave without obtaining service.

Similarly, by an appropriate choice of a functional form for d., one can
account for such phenomena as the often-observed "speed up" of service by
human operators whenever queues grow very long. It is easy to imagine how
reneging, balking, service speed up or, even, scrvice slowdowns could occur
in connection with our emergency center example.

Commonly used forms of c; incIude c; = (n + 1)-. and d; = n", where a
and b are positive constants. Note how by acljusting a and/or b one can moclcl
several types of user behavior. These can be applied with single- or multi-
server systems whose capacity is finite or infinito. Although it is usually
impossible to obtain cIosed-form expressions for such quantities as Pn, i.
W, and so on, for these systcms, it is often relatively easy to solve numerically
the balance equations and tabulate the numerical results (see also Problem
4.2). Such tabulations have been published by several researchers.

4.7 SPATIALLV DISTRIBUTED QUEUES
AND THE M/G/l QUEUEING SVSTEM

As we have already mentioned at the beginning of this chapter, many qucuc-
ing systems in the urban environment do not fit neatly into the cIassical mold
of a physically stationary serve r where prospective "custorners" arrive and
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queue up until they receive service. For most of the emergency urban ser-
vices-where "ar rivais of custorners" are perceived through telephone calIs
(or other means of telecommunication) from various locations in a city-
the only place at which a "queue" can be identified is on the emergency sys-
tem's dispatcher's desk (or in a computer's memory), where records indicate
the time, origin, and nature of a succession of requests for service. The server,
then, be it a person or a vehicIe, must travei to the location of these incidents
to provide the required service. In such cases we have a spatially distributed
queue.

. I~ this section. we shall discuss the simplest possible type of spatialJy
distributed queue m which a single serve r has sole responsibility for a given
district. This discussion will also motivate our derivation of some important
results for M/G/I queueing systems.

Example 1: Ambulance Servlce to an Emergency Medlcal Facllity

Conside.r the case pictured in Figure 4.10: an emergency medical facility
(EMF) IS located at the center (the point where the diagonals intersect) of a
rectangular district with dimensions Xo x Yo miles. The EMF has a single
am~ulance vehicJe associated with it, which is dispatched to emergency
patients and transports them to th •.•EMF. The ambulance, when idle, is
always located at the EMF.

T
Yo

1
I'-...•..•-=--=--=--=--=--=--=------x-o======-=--=--=-~·I

EMF +
Directions
of traveI

FIGURE 4.10 Rectangular district with an emergency medicar facility located at its
center.

Directions of traveI are parallel to the boundaries of the district and the
effective traveI speeds are Vx and v~ (constants) in the x and y directions as
shown in Figure 4.10. '

In this district, incidents (each corresponding to one emergency patient)
occur as a Poisson process in time at a rate of À per hour. Incident locations
are independent of each other and are uniformly distributed over the rectan-
guiar area. Every time an incident occurs, the ambulance, if at the EMF, is
immediately dispatched to the location of the call, picks up the patient, and
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returns to the EMF. If the ambulance is away, calls queue up and are pro-
cessed in a FIFO order. We shall assume for now that no calls are ever Iost,
no matter how long they have to wait. We shalJ also assume that lhe pdf for
the time, Z, that the ambulance spends at the location of each calJ for service
is known and is given by fz(z) with an expectation Z and a variance O'~.

The service time, S, in this system cJearly consists of a "travel-time"
compo-jent and a "time on the scene" component. Assuming that effective
traveI speeds are identical on both the EMF-to-incident and the incident-to-
EMF portions of each trip, we h~ve

S = 2(Tx + Ty) + Z (4.59)

where T; = D)Jvx and T; = Dylvy, and Dx and D~ are defined as the dis-
tances along the x and the y axes, respectively, from (to) the EMF to (from)
the location of an incident.

With the techniques presented in Chapter 3, it is an easy matter to obtain
the expected value of S, which for consistency with our queueing theory nota-
tion we shall denote as 1/!l:

(4.60)

Similarly, assuming that time at the scene of a call is independent of traveI
time (a quite reasonable assumption in this case), we have for the variance of
S,

2 2 2 2 1 (Xã Yã) . 2
O's = 4(O'r. + O'r,) + O'z = 12 -;r + -;;; + O'z (4.61)

If fz(z), as we have already assumed, is known, it is also possible, at least
in principIe, to obtain an expression for Js(s), the service-time pdf. The deriva-
tion, however, even for the simple situation described here, promises to be
tedious and tírne-consuming and wiII be omitted. It suffices to note that fs(s)
cannot be a negative exponential pdf [unless fz(z) is negative exponential and
the expected time on the scene is much larger than the average round-trip
time, in which case it can be argued that l/!l "'= Z and, therefore, that fs(s) is
approximately negative exponential as well"]. lt is therefore c1ear that results
derived for the single-server queueing systems we have seen so far (MIM/I) do
not apply in this case, since the service-time distribution at hand is a "general"
one.

We shall now proceed to derive several important results for this M/G/I
queueing system. Interestingly, as we shall see, most of the results require no
knowledge of the service-time distribution, /s(s), other than its mean, I/!l,
and variance O'~.

7It turns out that this is often the case with some important urban emergencyserviccs,
such as police and most ernergencyrepair services.This rnakespossiblc lhe derivarion
of many powerful results with respect to these services (see Chapter 5).
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RecaIl first that the current state of M/M/I (or M/M/m) queueing systems
is fully described by a single item of information, the number of users (i.e., of
calls in our EMF example) currently in the system. Knowledge ofthis number
is sufficient to describe all the past history of the queueing system, as far as
the future is concerned. For instance, if it is known that at some time instant,
t, there are exactly n (> O) calIs in a Mj M]; system (with one call receiving
service and the other n - 1 calls in the waiting line), then we can immediately
state that the probability that in the next I'lt a service will be completed is
equal to j.ll'lt-independently of what else has happened in the past at that
M/M/I system. For M/G/I systems, however, this probability also depends
on how long ago service began to the call that is curréntly receiving service.
Thus, a complete description of the current state of a M/O/l system requires,
in general, specification of the values of two random variables, the number
of calls currently in the system, and the time since the current service began,
the latter of which is a continuous random variable. These complications
make the mathematical analysis of M/O/ I systems more difficult than that of
M/M/I or M/M/m systems.

Of the several different approaches that have been developed, the simplest
one uses the trick of focusing attention on certain specific instants in time,
known as epochs, when knowledge of only the number of calIs currently in
the queueing system is sufficíent to specify its current state. Those instants of
time are the times of completion of a service by the server (i.e., the instants
after the ambulance has returned to the EMF and de\ivered a patient, in the
case of our example).

Let us then indicate these time instants as ti' t 2' t 3' ... with t, representing
the instant when service to the ith patient to be transported to the EMF
(beginning with some arbitrary time t = O) is completed. A specific example
for a hypothetical M/G/I queueing system is shown in Fi~ure 4.11.

4

3

2

Number of calls ín system
(being processed or waiting)

'TI
Idle

pcriod

FIGURE 4.11 Possible time history for the M/G/1 system of our example with six
epochs, ti, t i.: .. t6·
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We can then define:

N = number of calIs in the queueing system (i.e., the number of
patients/incidents waiting for service) just after the instant
t{_1 when service to the (i - I)th patient is completed

R = number of new calls that arrive at the queueing system
during the service time of the next patient to receive service
(patient i)

N' = number of calIs in the queueing system just after ti' the
instant of completion of service to patient i

Note that, by definition, R inc\udes only those calls that arrive at the
queueing system after service to the next patient (patient i) has started. This
is important for the cases when, upon completion of a service, the queueing
system is left empty (i.e., no more calls left to serve). For instance, the value
of R for the time interval between t, and t6 is ° (not I) for the sample case
shown in Figure 4.11.

The following relationship exists between the random variables N, R,
and N':

N' = {; + R - I if N> °
if N= ° (4.62)

The probability IX, that exactly r calIs arrive during a service time is given by

IX, = P{number of new arrivals during a service time = r} = pir)

= r~O.t)'~-UfsCt) dt for r = 0, 1,2, .. . (4.63)Jo r.

where, as above, fs(s) represents the pdf for the service time. For any given
pdf fs(s), it is then possible to determine the probabilities IX,.

Excrcisc 4.5 How is (4.63) justified?

Hint: Given that a service lasted exactly a time t, what is the probability
that r new calls arrived during that service time?

For r = 0, 1, 2, ... , we have

P{n + 1'- 1 users present at tk+lln users present at td = IX,

forn > °
P{r users present at tk+IIO users present at td = IX,

(4.64)

(4.65)

So (4.64) and (4.65) givc the state-transition probabilities for succcssivc
epochs for the M/G/l system. The state-transition diagrarn for our M/G/I
system, at the epochs is now shown in Figure 4.12. A state is defined by "the
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number of calls present at the time when a service is completed." Note that
the state-transition diagram of Figure 4.12 is no longer of the birth-and-
death type.

In the analysis that follows, we shall be interested only in the expected
values L, W, Lq, and Wq, which can be derived without using the state-transi-
tion diagr=.rn. We shalI, therefore, ignore Figure 4.12 from here on .

Let us define a random variable ó such that

if N> O
ifN= O

(4.66)

We can now write (4.62) in the form

N' = N+ R-I + õ for alI values of N ~ O (4.67)

Suppose now that the service time to the ith patient lastsexactly a time s.
Then, from the properties of the Poisson process, it follows that

E[RIS = s] = Às

E[R2IS= s] = À2S2 + Às

(4.68)

(4.69)

It foIlows from (4.68) and (4.69) that the unconditional moments of r are

f~ f~ ÀE[R] = E[R IS = slfis) ds = Àosfs(s) ds = ÀE[S] = -,
o o JI.

E[R2] = r E[R21 S = slfis) ds = r (À 2 S2 + Às)fsCs) ds

= À2E[S2] + ÀE[S] = À2 (a} +~) + ~Jl.2 JI.

Now, in the steady state we must have E[N'] = E[N]. But, from (4.67),

(4.70)

(4.71)

E[N'] = E[N] + E[R] - I + E[ó]

or

ÀE[ó] = I - E[R] = I - - = 1 - PJI.
(4.72)

Note that (4.72) has a very real meaning: frorn the definition of ó, it follows
that E[ó] is equal to the fraction of epochs, ti' at which the queueing system
will be found empty upon completion of a service. lt follows that (4.72)
cannot be meaningful unless" p < 1 (À < JI.). This is also the condition under
which steady state exists for M/G/I systems.

8It can be shown that steady state is not reached when p = I. Expected queue lengths
and expected waiting times are infinite for that value of p.
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Let us now square both sides of (4.67) to obtain

(N')2 = N2 + (R - 1)2 + ó2 + 2N(R - 1) + 2Nó + 2ó(R - 1)

= N2 + (R - 1)2 + 2N(R - I) + ó(2R - I) (4.73)

where we have used the facts that ó2 = ó and that 2Nó = O (both resulting
directly from the definition of ó). Taking now the expected values of both
sides of (4.73) and noting that in the steady state E[(N')2] = E[N2], we have

2E[N]E[1 - R] = E[R2] - 2E[R] + 1 + E[ó]E[2R - 1]

from which it follows, by also using (4.70)-(4.72), that

L* A E[N] = P + p2 -\- ,1.2O'}
- 2(1 - p) (4.74)

We have used the asterisk in (4.74) to indicate that L* denotes the expected
number of users in the system at lhe instants lha! fol/ow lhe service comple-
tions on which we have concentrated, the epochs.

It turns out that L* is equal to L, the expected nurnber of calls in the
queueing system that would be observed by someone arriving at a random
time with the system in the steady state. To show this, it suffices to show that
the steady-state pmf for the number in the system at the instants of service
completion is identical to the steady-state pmf for the number in the system
at any random instant. This we now proceed to do in a rather informal way.
We define

te; = steady-state probability that just after the completion of a service
there are 11 calls left in the queueing system

P; = steady-state probability that a call arriving at the system at a
random time will find 11 calls in the queueing system

Jn = number of "downward jumps" from 11 + 1 to 11 (in the number
of calls in the queueing system) which are observed during a
time interval T

ce

J = L: J; = total number of downward jumps in the number of calIs
n=O in the queueing system observed during the time

interval T

K; = number of "upward jurnps" from 11 to 11 + 1 (in the number of
calls in the queueing system) which are observed during the time
interval T
~

K = L: K; = total number of upward jumps in the number of calls in
n-O the queueing system observed during the time interval T
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Obviously, downward jumps are due to service completions and upward
jumps are due to cal! arrivals. Obviously, too, the quantities J; and K. can
differ by at most 1 unit during any time interval T.

Assuming that the queueing systern does reach steady state, we have,
from the definition of 1t., that

1· J1t = lm.-1!.
n . r-~ J

(4.75)

Also, since steady state is reached, the number of upward jumps must be
about the same as the number of downward jumps (i.e., the ratio of J to K
must go to 1 as T goes to infinity). From this, plus the fact that J; and K;
differ at most by one and from (4.75), we then have

1· J u K1t = lm.-1!. = lm.-!!
n T-~ J T-~ K

(4.76)

The right-hand side above is the steady-state probability that the system
is in state n at the instant of an arrival. Arrivals, however, occur in a Poisson
manner, meaning that the instants of ar rivais are completely random! Thus,
limT_~ (Kn/K) = P; and we have shown that

P; = x; (4.77)

which is the desired result.
We can thus state now that

Po = 1to = E[ó] = 1 - P

and

L = i: «-», = i: n-x; = L*
n=O n=O

and going back to (4.72) and (4.74), we have

Po = 1 - P
- p2 -I- ,1.2O'}
L = P -I- 2(1 _ p)

- L 1 p2 -I- ,PO'~.
W = T = li -\-2,1.(l - p)

IV _ IV _ ~ = p2-\- ,1.2a.~= ,1.[(1/1l2) -I- 0'1]
q - Il 2,1.(l - p) 2(1 - p)

_ _ p2 -\- ,1.20'1
L, = À Wq = 2( 1 _ p)

(4.78)

(4.79)

(4.1::0)

(4.81 )

(4.82)
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for the M/G/I queueing system. These results are valid for steady-state con-
ditions whieh exist whenever

À.
p=-< Ifi.

Expressions (4.78)-(4.82) are remarkable for their simplieity, sinee they
apply to any service-time distribution. [In faet, in deriving these expressions
we made no assumptions whatsoever about the speeifie form of fs(s).] They
are usually referred to as the "Pollaczek-Khintchine formulas." To use them,
alI that is needed to know about the service time is its expected value and its
variance-which is certainly most convenient in praetical applications. It is
also important to note that i (as well as W, iq, and Wq) depends on the
variance of the service times: increasing the consistency of service (i.e.,
reducing the variance of service times) improves the performance of the ser-
vice facility.

Several additional results have been obtained with regard to the M/G/I
queueing system. For instance, from (4.78) we can conclude that the follow-
ing ratio holds:

E[length of busy period] _ fraetion of time system is busy _ p
E[length of idle period] - fraction of time system is idle - 1 _ P

But since E[length of idle period] = l/À. (since we have Poisson arrivals with
rate À.), it can be concluded that

E[length of busy period] = ~ _p_ = 1 = _1_ (4.83)
I\. 1 - P fi.(l - p) fi. - À.

Interestingly, (4.83) is identical with (4.43), the expression for the expected
length ofthe busy period for M/M/I queueing systems.

For a given service time pdf, fsCs), it is also possible to obtain expressions
(or numerical estimates) for the steady-state probabilities, F; This is accorn-
plished by first obtaining an expression for the geometric transform of these
probabilities (see, for instance, [GROS 74]).

Example 1 (contlnued]

To illustrate some of the above, let us take Xo = 2 miles, Yo = 1 mile, v x =
30 miles/hr, Vy = 20 milesjhr, Z = 10 minutes, and a~ = 25 minutes-.

Solution

It follows from (4.60) and (4.61) that l/fi. = 13.5 minutes and a~ = 27.1
minutess. Thus, the service rate fi. = 4.44 callsjhr. We can then derive the
following table, for different demand (cal!) rates, Â, under steady-state condi-
tions:
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Â p Po L W iq Wq Wq•M fVQ•D

(cal/s/hr) (probab.) (no. cal/s) (mín) (no. cal/s) (mi,,) (mi,,) (lIIill)

0.5 0.1125 0.8875 0.1206 14.47 0.0081 0.97 1.71 0.86
1.0 0.225 0.775 0.2625 15.75 0.0375 2.25 3.92 1.96
1.5 0.3375 0.6625 0.4363 17.45 0.0988 3.95 6.88 3.44
2.0 0.45' 0.55 0.6615 19.85 0.2115 6.35 11.05 5.52
2.5 0.5625 0.4375 0.9779 Q3.47 0.4154 9.97 17.36 8.68
3.0 0.675 0.325 1.4802 29.60 0.8052 16.10 28.04 14.02
3.5 0.7875 0.2125 2.4636 42.23 1.6761 28.73 50.03 25.01
4.0 0.9 0.1 5.5520 83.28 4.6520 69.78 121.50 60.75

The quantities Pe, L, W, Lq, and Wq in this table have been computed by
using relations (4.78)-(4.82). Wq• M and WQ• D, the quantities Iisted in the two
rightmost columns represent the average waiting time for the corresponding
M/M/I and M/D/i systems, respectively. That is, Wq, M has been computed
for a single-server system with negative exponential service time distribution
and an expected service time, 1/ fi., of 13.5 minutes; similarly, WQ, D corresponds
to a constant service time equal to 13.5 minutes, Since an Mj M/I system can be
viewed as just a special case of M/G/1, it is hardly surprising that when we set
a~ = 1/ fi.2 (negative exponential service times) in (4.79)-(4.82), the expres-
sions for the corresponding MjM/I quantities are obtained. (Try one!) Simi-
larly, the expressions for the M/D/I system can be obtained by setting 0'1 = O
in (4.79)-(4.82), A particularly simple and useful relationship to remember is
that

w - Wq•M
q.D - 2 (4.84)

As one might expect from the fact that a~ < 1/ fi.2 in our example, the
values of Wq for ali values of À. in the table fali between the corresponding
values of Wq• M and Wq, D. ln fact, there is a particularly eonvenient form for
expressions (4.79)-(4.82) that brings out clearly the significance of the term
that includes the variance of the service time: we can use the eoefficient of
variation esC ll. a s/E(S] = (1s: fi.) for the service time to rewrite, suy, (4.79) as

- I!.'!il + e;)
L = P + 2(1 _ p) (4.79a)

(Remember that for negative exponential serviee times e, = 1 and for con-
stant service times e, = O.)

Finally, to conelude the example, we might want to review the table of
numerical results to assess the performance of the arnbulance service that we
have deseribed. lt is interesting, for instance, that at an arrival rate of 1.5
ealls/hr, the average delay before the ambulance is dispatched to a random
call for service is about 4 minutes-Ionger than what it takes for the arnbu-
lance, on the average, to traveI from the EMF to the point from which the call
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has originated and back (= 3.5 minutes). And this, despite the fact that, for
.À. = 1.5, the ambulance is busy (traveling or at the scene of an incident) only
about one third of the time. It is thus very likely that emergency medical
service administrators would find the leveI of service (as manifested by the
average dispatch delay, Wq) provided by this single ambulance emergency
medical system to be unacceptable for call rates greater than 1.5 or, at most,
2.0 calls/hr.

What to do, then? We might attempt to speed up service (reduce 1/f.l) or
"standardize" the service (reduce oj). Suppose that a 20 percent decrease
could be achieved for 1/f.l [i.e., we could achieve 1/ f.l' = (13.5)(0.8) = 10.8
minutes]. Then for, say, .À. = 3.0, we would obtain W~ = 7.82 (assuming that
oj stays constant at 27.1). This is a better than 50 percent reduction in average
dispatch delay!

Suppose, instead, that we could reduce the standard deviation of service
times by 20 percent [i.e., that we could achieve a~ = (0.8)(27.1)112 or, in other
words (aD" = (0.64)(27.1) = 17.34]. Then for .À. = 3.0, and assuming that
il u remains constant at 13.5, we would obtain W~ = 15.35 minutes or an
improvement of only about 5 percent over the original Wq of 16.1 minutes. In
general, reductions in expected service times are usually much more effective
than comparable reductions in the variance of service times. This should be
obvious from the fact that changes in the expected service time, 1/f.l affect both
the numerator and denominator of (4.79)-(4.82) by changing the utilization
factor, p.

When it is not possible to reduce 1/f.l or a} to achieve improved perfor-
mance for a given demand rate À., one has to resort to more drastic measures,
such as increasing the number of ambulances in our present example or
reducing the area of responsibility of the EMF (and thus À. as well). With 11I

ambulances at hand (m > 1) that would mean an M/G/m queueing system,
which we proceed to discuss next. A more "cornplicated" spatially distributed
M/G/l queueing system will be discussed in Section 5.2.

4.8 USEFUL RESULTS
FOR DIFFICULT-TO-ANALYZE
QUEUEING SYSTEMS

4.8.1 Why Are M/G/m, G/G/1,
and G/G/m Difficult 7

The natural extension of the M/G/! model of Section 4.7 is the M/G/m
case, in which m independent anel ielentical servers process users from a
common queue with service times described by some "general" type of pdf.
Unfortunately, unlike the transition from the M/M/I to the M/M/m case,
which was straightforward, the transition from the M/G/! to the M/Gim
model involves a "quantum jurnp" in the levei of analytical complexity.

To see why, it is worthwhile to return to the MIGII model and review for
a moment how our analysis of that queueing system proceeded. 1t will be
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recalled that in that case we identified instants of time (the "epochs" ti' l2'

t 3' ... , that coincide with the cornpletion of service to users) such that, givcn
the number, 11, of users present at the queueing system at epoch tk, one could
imrnediately determine the probability that n' users will be present at cpoch
tk+l' We did determine these state transition probabilities in (4.64) and (4.65)
after deriving the expression for (J,,, (4.63).

Let us r.ow consider the M/G/m case and attempt to write a relation such
as (4.63) with the eventual aim of dctermining ali state-transition probabilities
for a state-transition diagram. Some thought will now convince the reader
that the presence of m rather than I server makes it impossible to ielentify
special instants oftime (epochs) between which the MIGlm systern unelergoes
state transitions that can be described by easily obtainable state-transition
probabilities. At the instants of the completion of a service, for instance, it
does not suffice any more to know just the number of users in the system, as
with the MIG/I system. In order to specify the transition probabilities for
the number of users at the next completion of a service, one also neeels to
know how long each one of the other servers who are occupied at the instant
ofthe completion of a service has been busy with its occupant. This, of course,
is not a concern in the MIG/I case, where there are never any other servers
which can be busy at the instant of a service cornpletion.

A similar rationale applies to the case of the G/G/l queuing system. Here
there is only a single server, so, at the instant of a service completion, we do
not have to worry about how long the other servers have been busy with their
present occupants. However, interarrival gaps are now elescribed by a general
pdf with "rnemory." Therefore, at the time of a service completion, it is now
necessary to know how long it has been since the last user arrival. That
information is necessary to determine the probability that, say, r new users
will arrive at the queueing system between the present service completion anel
the next one. Consequently, the transition probabilities, (J,,, are also difficult
to obtain for the GIG/I system.

Finally, it follows a fortiori that G/Glm systems pose an even worse prob-
lem to the analyst.

Contents of this section. We have indicated above that queueing systems of
M/G/m, GIG(l, and GIGlm types are difficult to analyzc mathematically. As a
consequence, the reaelily usable, general, anel exact results about such sys-
tems are very few. On the other hanel, several quite useful approximate results
are availablc, anel these will be the Iocus of our attention in the rernnindcr 01'
this section. lt should be noted that most of these results huve bcen dcvclopcd
in recent years, when much attention has been turned to the question cf
approxirnations in queueing theory.

ln the following discussion we shall not derive or prove the validity 01'
the expressions that will be presented. Appropriate references are providcd
for the interested reader.
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4.8.2 M/G/m Queueing Systems
with No Waiting Space

One of the few examples of "difficult" queueing systems for which exact
results exist are M/G/m systems with no waiting space. Instances in which
these models are, at least approximately, applicable in urban operations
research are common and usually involve emergency services.

For example, a few years ago the following situation carne under review
in one of our major cities. A small fteet of hospital-affiliated ambulances were
being used as the primary means of transporting emergency patients to local
hospitaIs. At those times when ali ambulances were busy, a back-up fteet of
"ambulettes" run by the police department of that city was pressed into ser-
vice. No queue was allowed to form for service by the hospital-affiliated
ambulances. It was generally believed by EMS planners that police ambulettes
provided inferior service (a belief that was apparently shared by many city
residents). As a result, it was decided to increase the size of the hospital-
affiliated fteet and it was desired to determine the minimurn number of active
hospital-affiliated ambulances that would be necessary to assure that:

P(a random emergency patient must be served by a police ambulette} <f

where f is a threshold probability (O <f < I).
Calls for emergency ambulance service arise in a Poisson fashion in time

and the service times for calls (involving a trip to the location of the call,
some time spent there, and, finally, transportation to a hospital) are randorn
variables with "general" pdf's. Therefore, in the presence of a fteet of m
hospital-affiliated ambulances, the fraction of calls serviced by police arnbu-
lettes is equal to the probability, P"" that ali m hospital arnbulances are busy
as given by a M/G/m queueing model with no waiting space.

It has been shown (see, for instance, [GROS 74]) that, quite rernarkably,
the expressions for the steady-state probabilities for this M/G/m case are
identical to those for the corresponding M/M/m system. Thus, as in (4.57),
we have

P = (J../J.1.)n/l1!

n f: 0./ J.1.)1li!
1=0

(4.85)

and as a result the "loss formula" (the fraction of users who find the system
full and are turned away) is, as before,

P = 0/ J.1.)m/m!

m f: 0/J.1.Y/i!
1=0

(4.86)
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To get back to our example, the number of hospital ambulances needed is
the smal1est m such that Pm <f It is particularly surprising that (4.85) and
(4.86) depend only on the mean of the service times.

M/G/oo queueing system. The M/G/oo queueing system can now be viewed
as a special case of the M/G/m system with no waiting space, by taking the
limiting value m --> 00 for the latter system. Thus, we can use directly our
last result. Replacing m by 00 in (4.!s5), we have

0<11 (4.87)

As one would expect [since (4.85) is identical to (4.57)], this expression is
the same as (4.50) for the Ml M]»» system. As with the M/M/oo system, we
also have L = )./J.1., W = 1/ J.1., and Lq = Wq = O in this case.

It is instructive to derive (4.87) directly because in the process one can
also derive the time-dependent probabilities P,,(/) of having 11 users in the
M/G/oo system at time I assuming that the system was ernpty at 1=0. In
the following we shall use Fs(s) to denote the cdf for the service times and
also use the fact that

E[S] = J.1.-1 = r [1 - Fs(s)] ds

Exercise 4.6 Show that the above relationship holds for any random variable
S that assumes only non-negative values. [Hint: It is easier to work initially
with a discrete random variabJe.)

We define

1. P,,(t) = P{at time t there are exactly n users being serviced}.

2. P" = lim., .••p.(t).

We wish to prove the following:

{À f [I - FsCx)] c/x}" exp [-À r (I - Fs(x)) c/x]
P (t) = o o,

" 11!

11= O, 1,2, ... (4.88)

(4.87)n=0,1,2

[Note from (4.88) that, for any given t, Pn(/) is a Poisson pmf.]


